ABSTRACT. It is proved by Kawamata that the canonical bundle of a projective manifold is semiample if it is big and nef. We give an analytic proof using the Ricci flow, degeneration of Riemannian manifolds and L 2 -theory. Combined with our earlier results, we construct unique singular Kähler-Einstein metrics with a global Riemannian structure on canonical models. Our approach can be viewed as the Kodaira embedding theorem on singular metric spaces with canonical Kähler metrics.
Introduction
This is a sequel to our earlier work [30] . A well-known theorem of Kawamata [18, 19, 20, 17] states that if the canonical bundle K X of a projective manifold X is big and nef, then it must be semi-ample, i.e., the linear system |mK X | is base point free for some sufficiently large m ∈ Z. This is a very important result and has many deep generalizations and applications in the minimal model program. In particular, it implies the finite generation of the canonical ring and the abundance conjecture for minimal models of general type.
Recent progress in Kähler geometry has revealed deep connections and interplay among nonlinear PDEs, Riemannian geometry and complex algebraic geometry. The solution to the Yau-Tian-Donaldson conjecture [48, 39, 40, 13, 14, 8, 9, 10, 42] has established the relation between the existence of Kähler-Einstein metrics and the K-stability for Fano manifolds, using the theory for degeneration of Riemannian Kähler manifolds by Cheeger-Colding [5, 6] and Cheeger-Colding-Tian [7] , and Hormander's L 2 -estimates on singular metric spaces to establish the partial C 0 -estimate proposed by Tian [39] . The analytic minimal model program with Ricci flow proposed by the author and Tian [31, 32, 33] connects finite time singularity of the Kähler-Ricci flow to geometric and birational surgeries, and its long time behavior to the existence of singular Kähler-Einstein metrics and the abundance conjecture. There have been many results in this direction [35, 36, 37, 38, 30] . It is further proposed by the author [30] that the Kähler-Ricci flow should give a global uniformization in terms of Kähler-Einstein metrics for projective varieties as well as a local uniformization in terms of the transition of shrinking and expanding solitons for singularities arising simultaneously from the Kähler-Ricci flow and birational transformation [28, 29] . Our approach follows the traditional and more constructive proof for the Kodaira embedding theorem by Hormander's L 2 -estimates without applying any sophisticated results from algebraic geometry such as the non-vanishing theorem. The canonical singular Kähler-Einstein metric on the minimal model of general type X plays an important role in both applying the analytic L 2 -estimates and proving that it coincides with the metric space from the degeneration of the Riemannian almost Kähler-Einstein metrics on X. Therefore our method can be viewed as the Kodaira embedding theorem on singular metric spaces with canonical Riemmanian Kähler metrics. We believe that it can be applied to prove the general base point free theorem of Kawamata for any big and nef divisor on a smooth projective manifold using the Kähler-Einstein metric with conical singularities. We also hope that our approach can lead to an analytic and Riemannian geometric proof for the finite generation of canonical rings on smooth varieties of general type, which is already proved by algebraic methods [1, 27] .
In general, if X is a projective manifold of positive Kodaira dimension, it admits a unique canonical twisted Kähler-Einstein current constructed in [31, 32] (also see [45] for collapsing Calabi-Yau manifolds). We hope such analytic canonical metrics can be used to prove the abundance conjecture if the Riemannian collapsing theory for Kähler manifolds or the Kähler-Ricci flow can be established.
A priori estimates for the Kähler-Ricci flow
In this section, we will establish some basic estimates for the singular Kähler-Einstein metrics on smooth minimal projective manifolds of general type. Let X be a minimal manifold of general type of complex dimension n. Let Ω be a smooth volume form on X and let χ = √ −1∂∂ log Ω ∈ −c 1 (X). For any smooth Kähler form ω 0 ∈ H 1,1 (X, R) ∩ H 2 (X, Q), we consider the following Monge-Ampere flow
Without loss of generality, we assume that ω 0 − χ is Kähler. Let ω(t) = χ + e −t (ω 0 − χ) + √ −1∂∂ϕ(t) and g(t) be the associated Kähler metrics. Then g(t) solves the normalized Kähler-Ricci flow
where g 0 is the initial Kähler metric associated to the Kähler form ω 0 . Let h χ be a smooth hermitian metric on K X defined by h χ = Ω −1 . Since K X is big and nef, by Kodaira's lemma there exists an effective divisor D on X such that there exists ǫ 0 > 0 such that K X − ǫD is ample for all ǫ ∈ (0, ǫ 0 ). Therefore for any ǫ sufficiently small, there exists a smooth hermitian metric h D,ǫ such that χ − ǫRic(h D,ǫ ) is Kähler. We let σ D be the defining section of D and fix a smooth hermitian metric h D on D.
Lemma 2.1. The following hold for the parabolic Monge-Ampere equation (2.1).
(1) There exists C > 0 such that for all t > 0, we have on X ϕ ≤ C, ∂ϕ ∂t ≤ C.
(2) For any ǫ > 0, there exists C ǫ > 0 such that for all t ≥ 0, we have on X
(3) There exist λ, C > 0 such that for all t ≥ 0, we have on X
Proof. The first statement follows immediately from the maximum principle. The second and the third statement follow from Tsuji's tricks by applying the maximum principle to
for any ǫ ∈ (0, ǫ 0 ] and log
for some fixed sufficiently large A > 0.
The following lemma follows from the standard third order estimates (either by local estimates [25] or by global estimates [22] with weights ) and local higher order estimates. Lemma 2.2. For any k > 0 and compact set K ⊂⊂ X \ D, there exists C k,K > 0 such that for all t > 0,
∂ϕ ∂t converges smoothly to 0 on any compact subset of X \ D. Proof. We apply a trick of Zhang [50] by looking at the evolution of the following quantity
where t = ∂ ∂t − ∆ t and ∆ t is the Laplacian associated to g(t). Therefore there exist C 1 , C 2 > 0 such that for t ≥ 1,
and so
This implies that ϕ + C 2 e −t/2 decrease to ϕ ∞ ∈ P SH(X, χ) ∩ C ∞ (X \ D) and so ∂ϕ ∂t must tend to 0 away from D.
The following corollary immediately from from Lemma 2.1, Lemma 2.2 and the proof of Lemma 2.3. 
We also have the following existence and uniqueness result.
Proof. It suffices to prove the uniqueness. Suppose there exists another solution ϕ ′ . Then we consider
Since ψ ǫ tends to ∞ along D and ψ ǫ (0) ≥ 0 for sufficiently large A > 0, we can apply the maximum principle and so ψ ǫ ≥ 0 for all t ≥ 0. By letting t → ∞, we have
Then it immediately follows from the comparison principle that ϕ ∞ = ϕ ′ on X \ D and so the lemma follows.
We let h t = (ω(t)) −n be the hermitian metric on K X for t ∈ [0, ∞). Then we have the following lemma.
Lemma 2.5. For any σ ∈ H 0 (X, mK X ), there exits C > 0 such that for all t ≥ 0,
Proof. Without loss of generality, we can assume that for sufficiently large m ∈ Z, a basis {σ j } dm j=0 of H 0 (X, mK X ) gives a birational map from X into the projective space CP dm , where d m + 1 = h 0 (X, mK X ). We consider a resolution for the base locus {σ j } j π :
where L is semi-ample and E is the fixed part of π * (mK X ). We can assume that E is a divisor of simple normal crossings. Since L is big and semi-ample, there exists an effective divisor Let Ω m = ( dm j=0 |σ j | 2 ) 1/m be the smooth real nonnegative (n, n)-form on X. We let
where Ω t = ω(t) n . Then H is bounded above and smooth outside the base locus of {σ j } j and the evolution equation for H is given by t H = n − tr ω (θ). We now lift the above equation to X ′ and it is smooth on X ′ \ E.
We now consider the Monge-Ampere equation
where σ E is the defining section of E and h E is a smooth hermitian metric on the line bundle associated to E. Then G ǫ is smooth on X ′ \ (E ∪ D) and tends to −∞ along E ∪ D and we can apply the maximum priniciple for
Then there exists C > 0 such that
for sufficiently small ǫ > 0. By the maximum principle, G ǫ is bounded above uniformly for all t and ǫ. By letting ǫ → 0, H is uniformly bounded above and this proves the lemma.
. Then for any m and σ ∈ H 0 (X, mK X ), there exists C > 0 such that
or equivalently there exists C > 0 such that on X,
Proof. For simplicity, we write |σ| 2 and |∇ t σ| 2 for |σ| 2 h m t and |∇ t σ| 2 g(t),h m t . The evolution equation for |∇ t σ| 2 is given by
Also we have
Let H = |∇ t σ| 2 + A|σ| 2 . The lemma is then proved by applying the maximum principle to H after choosing sufficiently large A > 0.
By Lemma 2.6 and the local smooth convergence of ω(t) on X \ D, we have the following corollary.
Corollary 2.3. For any m and σ ∈ H 0 (X, mK X ), there exists C > 0 such that
We remark that the constant C in (2.4, 2.5, 2.6, 2.7) depends on m and σ.
Definition 2.1. Let R X be the set of all points p on X such that all µ-jets at p are globally generated by some power of K X for |µ| ≤ 2, where µ = (µ 1 , ..., µ n ) ∈ Z n is nonnegative.
In local holomorphic coordinates z with p = 0, the µ-jets at p are given by
Proof. Obviously, R X is open. Let p ∈ R X . Then there exist m > 0 and a basis {σ j } dm j=0 of H 0 (X, mK X ) such that {σ j } j gives a local embedding in a small neighborhood of p into a projective space CP dm . Let θ be the pullback of the Fubini-Study metric. First we note that
Therefore by maximum principle,φ is uniformly bounded above. Then we consider
Then outside of the common base locus of {σ j } j ,
Since H = ∞ along the base locus of {σ j } j , from the maximum principle, H is uniformly bounded below. Now let G = log tr ω (θ) − AH.
Then for sufficiently large A, applying the argument for the the parabolic Schwarz lemma in [31, 32] , we have t G ≤ −tr ω (θ) + C outside the base locus of {σ j } j . We also note that for sufficiently large A > 0, G is smooth outside the base locus of {σ j } j and tends to −∞ along the base locus of {σ j } j . At the maximum point, tr ω (θ) ≤ C and so G is uniformly bounded above. This implies that
On the other hand, ω n is bounded above uniformly away from the base locus of the linear system |mK X | for fixed m. Also θ n is uniformly equivalent to Ω near p. Therefore ω is equivalent to θ near p. The third and higher order local regularity near p is achieved by standard argument and this completes the proof of the lemma.
Riemannian geometric limits
In this section, we will apply the Cheeger-Colding theory [5, 6, 7] for degeneration of Riemannian manifolds with Ricci curvature bounded below, the work of Tian-Wang [43] for almost Kähler-Einstein metrics, and a local L 2 -estimates to study the Riemannian structure of (R X , g ∞ ) and its metric completion.
We first pick a Kähler form
0 ) for some sufficiently small ǫ 0 > 0. We now consider the following family of Monge-Ampere equations for k ∈ Z + .
and g k be the corresponding Kähler metric. Then the curvature equation for g k is given by
The following estimates follow by similar estimates from Section 2, using elliptic argument instead of parabolic estimates.
Lemma 3.1. We have the following uniform estimates.
(1) There exists C > 0 such that for all k > 0, , we have on X
where h D is a fixed smooth hermitian metric on D,
In particular, by the uniqueness from Lemma 2.4, ϕ ′ ∞ = ϕ ∞ , where ϕ ∞ is the limiting potential from the Monge-Ampere flow (2.1).
We will now verify in the following lemma for the almost Kähler-Einstein condition introduced in [43] .
Lemma 3.2. Let g k be the solution of equation (3.9) for k ∈ Z + . Then g k satisfies the following almost Kähler-Einstein conditions.
Proof. (1) and (2) follow easily from equation (3.10) and Lemma 3.1. Notice that the minimum of the scalar curvature is non decreasing along the Ricci flow while R(g k (0)) > −n. Therefore
We then apply the main results of Tian-Wang [43] to obtain the following proposition.
the limiting metric d ∞ induces a smooth Kähler-Einstein metric g KE on R satisfying Ric(g KE ) = −g KE , (3) the singular set S has Hausdorff dimension no greater than 2n − 4.
The rest of the section is to prove that the regular part R coincides with R X and g KE coincides with g ∞ , the limiting Kähler-Einstein metric from the Kähler-Ricci flow.
Definition 3.1. Let S X be the set of points q ∞ in X ∞ such that there exist a sequence of points q k ∈ (X \ R X , g k ) converging to q ∞ in Gromov-Hausdorff sense.
By taking a diagonal sequence, it is obvious that S X is closed. The following lemma is the pointed version of Theorem 4.1 in [24] due to Rong-Zhang, establishing a local isometry and global homeomorphism between R X and X ∞ \ S X . Lemma 3.3. There exists a continuous surjection
is a homeomorphism and a local isometry, where (R X , g ∞ ) is the metric completion of R X with respect to the smooth limiting metric g ∞ .
Lemma 3.3 immediately implies the following corollary because all tangent cones at each point in X ∞ \ S X are the flat C n .
Corollary 3.1.
S ⊂ S X .
We then want to show that S X ⊂ S. We look at the parabolic Monge-Ampere equation corresponding to the normalized Kähler-Ricci flow
Therefore on X \ A, we have (3.11)
The following theorem is due to Demailly [13] 
where |τ | 2 h,ω = tr ω hτ τ ω n , there exists an L-valued (n, 0)-form u such that ∂u = τ and
Now we can prove the main result of the section.
Proof. Suppose not. There exist a sequence of points q k ∈ X \ R X such that q k converges to q ∞ ∈ R. Then there exists a sufficiently small r 0 > 0 such that the limiting metric d ∞ induces a smooth Kähler-Einstein metric g ′ ∞ on B d∞ (p ∞ , 3r 0 ). Using the modified Perelman's pseudolocaity theorem in [43] , we know that B g k (1) (q k , 3r 0 ) converges smoothly to B d∞ (q k , 3r 0 ). More precisely, for each k, there exists a diffeomorphism
for any fixed l > 0, where I k and I ∞ are the complex structures on B g k(1) (q k , 3r 0 ) and B d∞ (q ∞ , 3r 0 ).
Therefore we can assume then that the curvature of g k on B g k (1) (q k , 2r 0 ) is uniformly bounded and the injectivity radius of g k at q k is strictly greater than 2r 0 , for all k. We can can pick complex coordinates z (k) = (z
where d C n ,k is the Euclidean metric induced by z (k) .
Let
Let η be a smooth cut-off function with η(x) = 1 for t < 1/2 and η(x) = 0 for x ≥ 1. We now construct the weight Ψ k by
We then define
Then there exists m 0 such that for m ≥ m 0 , we have
Now we fix such an m for all k and we consider
η k,µ is smooth on X and hence it is L 2 -integrable with respect to (h k ) m e −Ψ k for sufficiently large k. Then we can solve for u k satisfying
This forces u k to be holomorphic near q k and vanishes to order |µ|. This implies that η(ρ k /M )(z (k) ) µ − u k is a holomorphic section of mK X generating µ-jet at q k and so q k ∈ R X for sufficiently large k. This is contradiction.
We remark that we cannot apply the proof of Lemma 4.4 in [30] to prove Lemma 3.4 since we do not have a contraction morphism from X to its canonical model. Immediately, we have the following corollary.
Corollary 3.2. The metric completion of (R
Therefore, the metric completion of (R X , g ∞ ) is isomorphic to (X ∞ , d ∞ ) and there is an isomorphism between (R X , g ∞ ) and (R, g KE ). We can now simply identify R and g KE with R X and g ∞ . We also have the following technical corollary.
L 2 -estimates
We now pick a base point p in R X as in Lemma 3.2. (X, p, g k ) converges to the metric length space of (X ∞ , p ∞ , d ∞ ), where g k is defined in (3.9). We assume that diam g k (X) → ∞ because the proof for Theorem 1.1 is much simpler if diam g k (X) is uniformly bounded for all k and so the limiting space (X, d ∞ ) being a compact metric space.
Let B ∞ (r) be the geodesic ball in (X ∞ , d ∞ ) centered at p ∞ with radius r > 0. Let B k (r) be the geodesic ball in (X, g k ) centered at p of radius r. Then B k (r) converges to B ∞ (r) in Gromov-Hausdorff topology as k → ∞. We will derive local L 2 -estimates on each B ∞ (r) for all r > 0.
Let g KE = g ∞ be the limiting smooth Kähler-Einstein metric as the smooth limit of g k on R and h KE = h χ e −ϕ KE = (ω KE ) −n be the hermitian metric on K X on R, where ϕ KE = ϕ ∞ as the limiting Kähler potential in section 2 and ω KE is the Kähler-Einstein form associated to g KE . Each σ ∈ H 0 (X, mK X ) can be defined on R on X ∞ and Corollary 2.2 and Corollary 2.3 imply that sup
Immediately we have the following corollary because R is an open dense convex subset of (X ∞ , d ∞ ).
For convenience, we define the following pluricanonical system for X ∞ . Definition 4.1. We denote H 0 (X ∞ , mK X∞ ) by the set of all holomorphic sections in H 0 (X, mK X ) over R X .
We need the cut-off functions constructed in the following lemma corresponds to Lemma 3.7 in [30] . 
Proof. The difference of Lemma 4.1 from Lemma 3.7 in [30] is that a priori we do not know if the local potential ϕ KE of ω KE is bounded. Without loss of generality, we can assume that |σ| 2 For sufficiently small ǫ, we have − log ǫ ≤ η ǫ ≤ 0. Then obviously, η ǫ ∈ P SH(X, θ) ∩ C 0 (X). Now we let
Then ρ ǫ = 1 on K if ǫ is sufficiently small. We first notice that for fixed ǫ > 0
from the smooth uniform convergence of ω k on any compact subset of X \ D, where ω k is the almost Kähler-Einstein metric defined in equation (3.9) . Straightforward calculations give
n where C only depends does not depend on ǫ and k as the class [ω k ] is uniformly bounded for all k. Hence
Therefore we obtain ρ ǫ ∈ C 0 (X) satisfying the conditions in the lemma. The lemma is then proved by smoothing ρ ǫ on Supp ρ ǫ \ K.
We denote σ L 2,♯ (B∞(2R)) , σ L ∞,♯ (B∞(R)) and ∇σ L ∞,♯ (B∞(R)) for their norms with respect to (h KE ) m and mg KE as in Section 4.3 in [30] . We can then apply exactly the same argument in Section 4.3 of [30] thanks to Corollary 2.2, Corollary 2.3 and Lemma 4.1.
Lemma 4.2. For any
The following proposition is essentially Proposition 4.5 in [30] for solving the following ∂-equation. Proposition 4.1. Let X be a smooth minimal manifold of general type. Let ω = mω KE ∈ −mc 1 (X) and h = (h KE ) m be a hermitian metric on (K X ) m for any m ≥ 2. Then for any smooth mK X -valued (0, 1)-form τ satisfying
there exists an mK X -valued section u such that ∂u = τ and
Proof. The proof is almost identical to that of Proposition 3.5 and Proposition 4.5 in [30] . The only difference is that a priori we do not know if ϕ KE is bounded. Following the proof of Proposition 4.5 in [30] , we consider the Monge-Ampere equation for sufficiently small
and let
We now can apply the maximum principle with the key observation that there exists C > 0 such that for all ǫ ∈ (0, ǫ 0 )
Then for sufficiently small ǫ, we have
Since ϕ ǫ converges to ϕ ∞ as ǫ → 0, we can apply Theorem 3.1 by writing mK X = (m − 1)K X + K X . We then can proceed as in the proof of Proposition 3.5 in [30] .
Local freeness for the limiting metric space
We will apply the same argument as in Section 3.4 and Section 4.4 [30] . For completeness, we include the definition of the H-condition introduced by Donaldson-Sun [14] and the sketch of proof for our main result in Proposition 5.2. 
. Here all the norms are taken with respect to h and g. The constant C in the H condition depends on the choice (p * , D, U, J, L, g, h).
Fix any point p on X ∞ , (X ∞ , p, mω ∞ ) converges in pointed Gromov-Hausdorff topology to a tangent cone C(Y ) over the cross section Y , where ω ∞ = ω KE . We still use p for the vertex of C(Y ). We write Y reg and Y sing the regular and singular part of Y . Y sing has Hausdorff dimension strictly less than 2n − 3. C(Y reg ) \ {p} has a natural complex structure induced from the Gromov-Hausdorff limit and the cone metric g C on C(Y ) is given by
where r is the distance function for any point z ∈ C(Y ) to p. We can also write the cone metric g C = 1 2 √ −1∂∂|z| 2 . One considers the trivial line bundle L C on C(Y ) equipped with the connection A C whose curvature coincides with g C . The curvature of the hermitian metric defined by h C = e −|z| 2 /2 is g C . 1 is a global section of L C with its norm equal to e −|z| 2 /2 with respect to h C . The following lemma is due to [14] .
By the construction in [14] , we can always assume that both D and U are a product in
satisfies the H-condition from Lemma 5.1. For any m ∈ Z + , we can define
The following proposition from [14] establishes the stability of the H-condition for perturbation of the curvature and the complex structure. 
Fix any point p, we can assume that (X ∞ , p, m v g ∞ ) converges to a tangent cone C(Y ) for some sequence m v in pointed Gromov-Hausdorff topology. In particular, on the regular part of C(Y ), the convergence is locally C 2,α and the metrics m v g ∞ converge locally in C 1,α . Fix any open set U ⊂⊂ C(Y reg ) \ {p}, This would induce embeddings χ mv : U → R = (X ∞ ) reg . Let g mv be the pullback metric of g ∞ on (X ∞ ) reg and J mv be the pullback complex structure. The following lemma follows from the convergence of (X ∞ , p, m v g ∞ ).
Lemma 5.2. There exists v such that one can find an embedding χ mv such that
The following is the main result in this section.
Proposition 5.2. For any point q ∈ X ∞ , there exist m ∈ Z + and a holomorphic section σ ∈ H 0 (X ∞ , mK X∞ ) such that |σ|
Proof. The proposition can be proved exactly the same argument for Proposition 3.9 and Proposition 4.6 in [30] .
We remark that from Proposition 5.2, we cannot conclude σ(q) = 0, because ϕ KE might tends to −∞ near q.
Global freeness
We will complete the proof for Theorem 1.1 in this section by proving freeness of mK X at any fixed point q ∈ X for some sufficiently large m depending on q.
First we want to show that for any fixed point q on D, the distance from q to a fixed point p ∈ R X is uniformly bounded for all g k . We consider the a log resolution 
We have the following adjunction formula because X is smooth
where (n − 1)E + F is the exceptional divisor ofπ, F j are effective prime smooth divisors oñ X with a j > 0 for j = 1, ..., J, E is the exceptional divisor of π 2 isomorphic to CP n−1 .
Sinceπ * K X is big and nef, by Kodaira's lemma, there exists an effective divisorD such that its support coincides with the support of the exceptional divisors ofπ and
is ample for all sufficiently small ǫ > 0. We can always assume thatD =D ′ + E, where the effective divisor D ′ does not contain E. Let σ E , σ F and σD be the defining sections of E, F andD. Here we consider σ E , σ F and σD be the multivalued holomorphic sections which become global holomorphic sections after taking some power. Let h E , h F , hD be smooth hermitian metrics on the line bundles associated to E, F andD such that
for a smooth volume formΩ onX and for some fixed sufficiently small ǫ 0 > 0, wherẽ χ = (π) * χ. Letω be a fixed smooth Kähler form onX. Then the Kähler-Einstein equation lifted tõ X is equivalent to the following degenerate Monge-Ampere equation
whereφ KE = (π) * ϕ KE . We consider the following family of Monge-Ampere equations
where ω 0 is the Kähler form defined as in equation (3.8) . Let
By Yau's theorem, equation (6.17) always admits a unique smooth solutionφ k,ǫ for all sufficiently small ǫ > 0.
The following lemma corresponds to Lemma 4.9 in [30] .
Lemma 6.1. There exists A > 0 such that for all k ∈ Z + and ǫ ∈ (0, 1),
Lemma 6.2. Letφ k,ǫ be the smooth solution for the equation (6.17) for k ∈ Z + and ǫ ∈ (0, 1).
Then there exists C > 0 and for any δ > 0, there exists C δ > 0 such that for all k ∈ Z + and ǫ ∈ (0, 1)
and there exist λ, C > 0 such that for all k > 0 and ǫ ∈ (0, 1),
Furthermore,φ k,ǫ converges toφ KE smoothly onX \D as k −1 , ǫ → 0.
Proof. The uniform upper bound forφ k,ǫ follows from the mean value inequality for the plurisubharmonic function combined with the Jensen inequality and the uniform bound for
To prove the lower bound forφ k,ǫ , we consider
Then there exists C = C(δ) independent of k, ǫ such that
Then the low bound forφ k,ǫ,δ follows immediately from the maximum principle. The estimate (6.19) can be proved by standard maximum principle using Tsuji's trick.
Let B O be a sufficiently small Euclidean ball on Z centered at O and letB
The support ofD ′ andF = (π 2 ) −1 (F ) − E, the proper transformation of F , lie in the subvariety defined by w = 0 for a holomorphic function w.
Lemma 6.2 immediately implies the following claim.
There exist λ, C > 0 such that for all k ∈ Z + and ǫ ∈ (0, 1),
The following lemma is purely local and it corresponds to Lemma 4.11 in [30] .
Lemma 6.4. Letω be the smooth closed nonnegative closed (1, 1)-form as the pullback of the Euclidean metric
There exist C > 0, sufficiently small ǫ 0 > 0 and a smooth hermitian metric h E on E such that onB O ,
The following is the main estimate in this section and the proof follows from the proof of Proposition 4.7 in [30] . The only difference is that in our situationφ k,ǫ is not uniformly bounded in L ∞ , however, the estimate (6.18) suffices to achieve the same estimate (6.23) by increasing λ.
Lemma 6.5. There exist ν, λ > 0 and C > 0 such that for any ǫ ∈ (0, 1) and k ∈ Z + , we have onB O ,
where ω k is the almost Kähler-Einstein metric defined in (3.9).
Lemma 6.5 immediately implies the following corollary by letting ǫ and then k −1 → 0.
Corollary 6.1. There exist ν, λ > 0 and C > 0 such that onB O ,
and for any k ∈ Z + ,
Proposition 6.1. For any q ∈ X, there exists a smooth path γ(t) for t ∈ [0, 1] such that Proof. It suffices to prove the case when q ∈ D and then the proposition is proved by picking a sufficiently small line segment γ(t) for t ∈ [0, 1] with γ(t) ∈B O \ ({w = 0} ∪ E) for t ∈ [0, 1) and γ(1) ∈ (E ∩B O ) \ {w = 0}. The proposition is then proved by applying estimate (6.23) as arc length of γ with respect to ω k, is uniformly bounded for all k.
Corollary 6.2. Fix a base point p ∈ R X . Then for any point q ∈ X, there exists A q > 0 such that d g k (p, q) ≤ A q . Furthermore, q must converge in Gromov-Hausdorff sense to a point q ∞ ∈ X ∞ .
Proof. The corollary immediately follows from Corollary 6.1 and the line segment chosen in Proposition 6.1, after letting ǫ → 0.
7. Generalizations and discussions 7.1. Freeness for big and nef line bundles on Calabi-Yau manifolds. Using the same argument for Theorem 1.1, we can also prove Theorem 1.2 for the semi-ampleness of a nef and big line bundle L over a Calabi-Yau manifold X of dimension n. In fact, the proof is simpler, because one can obtain a uniform diameter bound for the approximating Ricci-flat Kähler metrics. We lay out the sketch of the proof and leave the details for the readers to check.
Let Ω be the smooth volume form on X such that √ −1∂∂ log Ω = 0 and X Ω = (c 1 (L)) n . Let χ ∈ c 1 (L) be a smooth closed (1, 1)-form and ω 0 a smooth Kähler form on X. We then consider the following family of Monge-Ampere equations for k ∈ Z + . (7.26) (χ + e −k ω 0 + √ −1∂∂ϕ k ) n = e c k Ω, sup
Then Ric(ω k ) = 0, lim k→∞ c k = 0 and diam g k (X) is uniformly bounded. We can adapt the arguments in previous sections as well as the argument in Section 3 of [30] to prove Theorem 1.2.
7.2. Kawamata's base-point-free theorem. Using the constructions of conical Kähler-Einstein metrics, one should also be able to prove the following base-point-free theorem of Kawamata [18, 19] with an additional assumption on the bigness of the divisor D.
Theorem 7.1. Let X be a projective manifold. If D is a big and nef divisor such that aD − K X is big and nef for some a > 0, then D is semi-ample.
The assumption for D being big is the noncollapsing condition to guarantee the existence of Kähler-Einstein current ω KE ∈ c 1 (aD) satisfying Ric(ω KE ) = −ω KE + η, where η ≥ 0 is a nonnegative current in c 1 (aD − K X ) on X and it vanishes on a Zaraski open dense subset of X. We will leave the more detailed discussion in our future work.
7.3. Toward finite generation of canonical rings and abundance conjecture. We believe that our approach can also be applied to understand the finite generation of canonical rings, which is proved in [1] and [26, 27] . The canonical Kähler-Einstein current on X is constructed in [30, 2] and we hope that the scheme in our paper and in [32] can lead to an analytic and Riemannian geometric proof for finite generation of canonical rings for projective manifolds of general type. Another approach is the Kähler-Ricci flow through singularities as developed in [33] and this should lead to deeper understanding for analytic and geometric aspects of singularities and flips in the minimal model program.
